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Abstract. There has been projected the MATLAB program function for practicing the (optimal) mixed strategy
in the antagonistic game with the unknown number of plays, where the player has the innumerable spectrum of
its continuous (optimal) mixed strategy to be practiced. The projected program function works with the seven
input arguments, including the numerically sampled mixed strategy and the game kernel. The information
about the pure strategy to be selected in the current game play is returned into the MATLAB workspace.
Amnoranis. CripoektoBano nporpamty ¢yuknito y MATLAB 11 npakTHYHOTO 3aCTOCYBaHHS (OITHMAIBHOT)
3MilIaHOi CTpaTrerii B aHTAarOHICTUYHIM Ipi 3 HEBIJOMHM YHCIOM pO3iTpyBaHb, Ji¢ TpaBelb BOJOJIIE
HE3JIIYCHHUM CIIEKTPOM CBO€I HelepepBHOI (ONTHMAIbHOT) 3MIIIAHOI CTpaterii, SIKy HeoOXiHO 3aCTOCYBaTH
Ha mpakTuni. CrpoekToBaHa MporpaMHa (YHKIIS Mpamioe 3 ciMOMa BXIXHUMH apryMEHTaMH, BKIIOUAIOUN
YHCENBHO JUCKPETU30BaHi 3MilllaHy CTPATerilo Ta sapo TpH. IHpopmamis mpo YHCTy cTparteriio, sKy Tpeda
o0upaTy y IOTOYHOMY PO3irpyBaHHI I'PH, IIOBEPTAEThCS Y pobody obmacts MATLAB.

Annotanus. CrpoekTpoBaHo nporpammHyo ¢yHKImmo B MATLAB Uit mpakTHdeckoro HpHUMEHEHHS
(onTUMANBHOI) CMENIaHHOHW CTPAaTerHy B aHTATOHUCTHYECKOW MIPEe C HEM3BECTHBIM YHCIIOM Pa3bITPBIBAHUIMA,
TJIe UTPOK O0JIaaeT HEMCUHUCIUMBIM CIIEKTPOM CBOEi HENPEPBIBHOH (ONTHMAIIBHOM) CMEIIaHHOH CTpaTeruH,
KOTOPYIO HEOOXOIMMO NpPUMEHHTh Ha TpakTHke. CIpOeKTHpOBaHHAs IporpaMMHasi (yHKIHs paboTaer c
CEMBIO BXOJIHBIMH apryMEHTaMH, BKJIIOYAsl YUCJICHHO TUCKPETH3UPOBAHHbBIE CMEIIAHHYIO CTPATErHio | SIPO
urpsl. MHdOpManus o 4ucToi CTpaTeryu, KOTOPYIO HY)KHO BBIOMpAaTh B TEKYIIEM Pa3bIrPHIBAHUU HIPEI,
BO3Bpalaercs B pabouyro ooimacte MATLAB.
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THE PROBLEM PREFACE AND THE PAPER AIM

A lot of socio-economic, ecological and technical processes may be modeled in the form of the
antagonistic game, since there always is something about different interests, generated by the participants of the
time process. Such math form allows easily predicting, optimizing or equalizing the process, and this trustworthy
predictability gives the needful certitude in the future actions for both the participants. For the present day there
are some papers on the principles and methods of practicing the optimal mixed strategy in the antagonistic game,
including the strategy with its innumerable spectrum [1]. The developed methods deal with the algebraic
statements, needing to be upgraded under the contemporary math software. And as the continuous antagonistic
games are the models of the more general conflict processes with the two participants, then the consequent paper
aim is to implement programmatically the method of practicing the optimal mixed strategy with innumerable
spectrum, when the number of the game plays is unknown.

PROJECTING THE FRAGMENTS OF THE CODE FOR IMPLEMENTING THE METHOD WITHIN
A MATH SOFTWARE

May there be the antagonistic game with the kernel W( X, y), where one of the players has the
innumerable set of its pure strategies. Suppose that this player has the continuous set Z = [0; 1] of the pure
strategies, and has the optimal mixed strategy f. o ( Z) as the continuous function of the pure strategy z € Z,

satisfying the condition
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1

Iﬁ)pt(z)dz:jﬂpt(z)dz=l (1)

z 0
and having the innumerable spectrum supp f, pt( ) Due to the paper [1], before breaking the segment

= [0; 1] into such equal K halfsegments, that the function fopt(z ) within every halfsegment would be

approximately constant, there should be fulfilled the conditions:

dﬂ)pt(z)>00r dfom(z)go Vze[Zk,l;Zk)bY k=1,_, (2)
dz dz

where z, =0 and z, =1;

<aVze|z_;z)byk=LK, 3)
dz

‘dfopt(z)

where the parameter @ is the inconstancy tolerance, taken as @ € (0.00 I; 0. 1] . The conditions of the smoothness
and tolerated inconstancy of the game kernel W(x, y) lie in the following two conditions. If the opposite player
is the second, having also the unit segment Y = [0; 1] of the pure strategies, then there should be

M>O orw

oxdy Z Oxdy <0 Vxe[xk_l;xk)byk=l,_Kand‘v’ye[O;l], 4)

N
But for the discrete finite set ¥ = { y /} iy by N € N\ {l} the condition (4) should be stated as
e

aW<x’ yj) _ 6W(x’ yf—l) >0 or aW(x’ y]) _ 6W(x, yj_l) <0

ox Ox ox Ox h
Vxe[xk_l;xk)byk=1,[{andj:Q,N' 5)
The second condition is the kernel inconstancy tolerance, which for ¥ = [0; 1] is
o'W (x, y) : T T :
— 7 N<h Vxe[xkfl,xk)byk—l,KandVye[O,l], (6)
Ox0y
N
and for ¥ = { y j}jzl this condition is
|6W(x,y») 6ny/‘| <bh Vxe xkl,xk)byk—lKand] 2, N, (7)

‘ ox ox ‘

where the parameter b is the kernel inconstancy tolerance, could be taken as b € (0.00 I; 0. 1] .
Obviously, that if the continuous set Z = [0; 1] of the pure strategies is the second player set, then the
opposite player is the first, and the conditions (4) — (7) are rewritten as the following:
2 2
W (%) g o O (22)

oy > oy <0 ‘v’ye[yk_l;yk)byk=1,_Kandee[0;1] (8)

for the case of the continuous set X = [0; 1] of the first player, and
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oW (x,y) W (x.,») >0 or oW (x,y) W (x.,») <0

Oy oy Oy oy

Vye[ysy) by k=1L K and i=2, M 9)
for the discrete finite set X = {xl.}j: by M e N\ {1} ; the kernel inconstancy tolerance condition is

azW(x, y)

<b Vye[yvisv) by k=1 K and V x €[0; 1] (10)
Ox0y

for X = [O; 1] and

oW (x, ) W (5.0 »)
| oy oy

for X = {xl.}M

="

Any of the stated conditions (2) — (11) may be supported only in numerical way. One of the most grandiose
numerical math applications is the registered trademark MATLAB. In this system there are boundless opportunities for
coding the program functions to be run right from the command line in the MATLAB Command Window. The
projected program function, been named “opr_cag”, has the seven input arguments (figure 1, line 1), each of which

Igb Vyelyiy)by k=LK andi=2, M (11)

implies correspondingly the numerically sampled function fopt (Z), the numerically sampled kernel W(x, y),

parameters @ and b , the option for whether the sampled pure strategy number should be displayed, the comment
option, and the option on whether the primarily sampled function fOpt (Z) should be plotted in a separate figure

window. The last three options are not necessary for being typed, as by default they are not checked (figure 1,
line 4 — 12).

For not working in vain with the wrong sampled data, the lines 15 — 25 (figure 1) of the code are assigned
for verifying whether the primarily sampled function fopt (Z) is a mixed strategy, that is the condition (1) is verified

L
numerically. If L is the number of the sampled points { fopt (Zl )}1—1 in opt (Z ) by the constant difference

z,—2z,, V [ =2, L,then the approximate value

1 L-1

HZ fon(2)) (12)

=1

of the integral (1) mustn’t be further from the unity than for 0.001 (line 16). In the case, when it is not held
true, then there is displayed the error message (line 24) and the code running stops.
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B E\MATLAB7pOp1 ' work',0pr_cag.m =10l
File Edt Text Cel Tools Debug Deskiop Window Help ¥
DFE St mBo |3 Ha|08 BRN DA saln
1 function [Pure Strategy Seawple Mumber Pure Strategy Sawple] = opr cagif opt, W, a, b, Pure Strategy Seawple MNuwher display, comment, £ optPLOT) B
2 % f opt is the continuous function of the pure strategy zE[0; 1],
3 % and this optimal mixed strategy spectrum is an innumersble set.
4 - if nargin<?
5 - f_optPLOT=0;
[ if nargin<g
7= conment=0;
g8 - if nargin<s
9 - Pure_Strategy Sawple Nuwber display=0;
1o - end
11 - end
12 = end
13
14 % checking, whether £ _opt is a probabillity measure
15 - integralapprox=(1/{length(f_opt)-1}) *sum(f_opt [1:lengehif_opt)-1)):
16 = if abs(integralapprox-1)<0.001
17 - if comment==1
15 - disp (' The sampled function f_opt is a probability weasure, that i3 it may be & mixed strategy in the given econtinuous antagonistic gawe on
19 - end
20 - if f_optPLOT==1
21 - figure (1), ploc([0:1/ {length(f_opt)-1):1], f_opt)
22 - end
23 =| else
24 - error (' The sampled function f_opt is not a probability measure.')
25 - end
Z6 hd
J il

opr_cay [tn 30 cor 24 Jowr P

Fig.1. Beginning of the code with option on fopt (Z) plot in a separate figure window

The conditions (2) — (11) are run in the lines 28 — 55 of the code (figure 2), where actually it is
determined the number K of the equal measure halfsegments with the pure strategies to be selected further.
Each of the given derivatives in (2) — (11) is presented as the right-hand difference.

B E\MATLAB7pOp1\work',opr_cag.m =100 x|

Fls Edit Text Cel Tools Debug Deskiop Mindow Help N

DBt BRoo|F|h7 08 RO B8 sme -

27 % start breaking the seamwpled segwent [0:; 1] into K half-segwents of the egual measure, that iz 1/K ﬂ

28 - E=z;

28 - correct_segment=0;

30 - while correct segwent<K

31 - for k=1:K

3z - if (k<K] & (k+k*floor(lenqth[f_op:)/‘K)<=leng\:h(f_opr.]J

33 - d_k={length(f_opt)-1) *diff {f_opt {ke+{k-1) *floor {length{f_opt) /Kj :k+k*floor (lengthif_opt) /K)));

34 - U_xy_k={{length{f_opt)-1)~2) #diff (diff (V{k+(k-1) *floor {length(f_opt) /K :k+k#floor (length{f_opt)/K}, ...

35 k+(k-1) *floor(lengthtf_opt)/’l() ik+k*floor (lengthif_opt) FEVY, 1, 11, 1, 20

36 - else

37 - d k=diff(f optik+ik-1) *floor (length(f_apt) fa:sl tlengthif apt))):

38 - U_xy_k=diff (diff (Wik+({k-1) *floor (length(f_opt) fK) tlengthif_opt), ...

39 ket {k-1) *floor (length(f_opt)/K) :lengthif_opt)), 1, 1), 1, 2j:

40 - end

41 - if [(swnid k»=0)==length(d k] | [sun(d k<=0)==lengthid k)]] € ...

4z [swn(shsid k) <=a)==lengthid k1] & ...

43 [(zwaiswn (W_xy k»>=0]]==lengthid k)"2) | (swmisum(W_xy_k<=0]])==lengthid k)*2]] ¢ ...

44 [sum{sum(abs (W_xy_k) <=b} ) ==length(d_k) 2]

45 - COrrect_segment=correct_segment+1;

46 — else

47 - COrrect_segwent=0;

48 - E=K+1;

49 - break

50 - end

51 - end

52 - if E==length(f opt)-1

53 - break

54 - end

55 - end =
4 | o

[ opr_gan Lh 58 Cd 27 [ovR 4

Fig.2. The conditions (2) — (11) code part
L
Finally the real number K is found as the following: the fraction — is rounded towards minus

infinity, and then the number L is divided by this result; the last result is rounded towards plus infinity (figure
3, line 56). If the comment option was set on, then the accompanying message about the real number K will
appear in the running MATLAB Command Window (figure 3, lines 57 — 68).
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B E\MATLABTpOp1\work'opr_cag.m =1001x]

File Edit Text Cel Tools Debug Desktop ‘Window Help £

DFH|i R0 |(5(Hn 00 BRE DB salm

56 - K real=ceililengthif opt)/floor(length(f opt)/E]): % b=1/K real ﬂ

57 - if K real==length(f opt)

58 - K_real=length(f opt)-1;

59 - if comment==1

60 - disp([' The unit segment [0; 1] has keen broken into ' numZstr(E real) ' half-segments of the egual measure, that is ! nust:r(l/‘Kireall]J

61 - disp (' Aetually, these half-segments are the points of the given £ apr.')

62 — end

63 = else

64 — if comment==1 J

65 - disp ([’ The unit segment [0; 1] has keen broken into ' num2str (K real) ' half-segments of the egual measure, that is ! numzstr(lfl(ﬁreal)])

66 - disp (' Though, the last half-segwent may be shorter.')

67 - end

68 - end

- o

1 b

opr_cag ln 55 Col 4 |OvR 4

Fig.3. Code part with messaging

After having got the real number K the player applies the set of its K pure strategies

{Z,H}f:l = {0, {zk}ll:ll} ={0, 2, 2y, ..., Zg_ys Zg 4} (13)

with the corresponding probabilities

{fopt (Zk—l)h}kK:I N {f"pt (0)A, {fopt (Zk)h}f—ll} N
- {fopt (O)h’ fopt (Zl)h’ fopt (Zz)h’ e fopt (ZK—Z)h’ fopt (ZK—I)h}’ (14)

being taken out in the code lines 70 — 81 (figure 4), where the constant sampling space is /1 = zZ, — 2z, by

k=1, K-1.

B EAMATLABTROp1 \work\opr_cag.m =18l x|

File Edit Text Cel Tools Debug Desktop ‘Window Help £

Dl R0 |5 00 BRE BA|wam x

70~ k-1i; =l

71 - if K_real<length(f opt]-1

e - for k=1:K_real

73 - if (k<K real) £ tk+kﬁfluor(lengch(fioptllkirealj<=lengthtfioptjJ

74 - f_opt_sampled(k)=f_optik+({k-1)*(floor(lengthif_opt) fKireal) 11

75 - else

76 - f_opt_sawmpled (k] =f_optik+(k-1) *floor (length(f_opt] /‘K_real) 1

77 - end

78 - end

79 - else J

80 - f_opt_ssampled({l:K resal)=f optil:iK real);

81 - end

- o

1 b

‘upr_cag Ln 68 Cal 4 |OVR /_'I

Fig.4. Code part with taking out the probabilities (14)

After having sampled the pure strategies set (13) and taken the probabilities (14), the player raffles the
single uniformly distributed on the semisegment [0; 1) variate ® (figure 5, line 84) with the value 0 [2 — 5].

The pure strategy z,_, is selected by the nonstrict inequality

u—1

Zfopt (zk_,)

0>l (15)

Zfom (Zk—l)

k=1

and the strict inequality
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if;)pt (Zk—l )

O< b —— (16)

Zfopt (Zk—l)

for u {1, K } , what is fulfilled in the lines 85 — 93 on the figure 5. If the fifth option was set on, then the

message about the sampled pure strategy number and its value will appear in the running MATLAB Command
Window (figure 5, lines 94 — 97). In the case of an appropriate giving the program function “opr cag” its
output, into the MATLAB current workspace there is returned the sampled pure strategy number and its value.

B E\MATLABTpOpL ' work',0pr_cag.m =1o1x]

File Edt Text Cel Tools Debug Deskiop Window Help ¥

DEE| tBRo &AL a8 8RR B8] e -

83 - k=1: =l

84 - theta=rand;

85 = vhile k<=E_real

86 - if [thetar=swm(f_opt sswpled(lik-1) )/sumtfiopcisampled(l:l(ireal] 11 & [theta<sum(f_opt sawpledil:k)) /sum(fioptisampledtl:KﬁrealJ 11

a7 - Pure_Strategy Fample Number=k;

88 - Pure_Straregy_Sawple=(k-1) /¥ _real:

89 - break

20 - else

91 - k=k+1:

9z - end

93 = end

94 - if Pure_Strategy Sample MNunber display==1

95 - disp([" Huwber of the Sawpled Pure Strategy to be selected: ' numzstr (Pure_Strategy Sample Muwber)])

96 - disp([" Pure Strategy to be selected: 2=' num2str{Pure Strategy Sawple)]) AIJ

97 - end =

4] | r

opr_cag n79 Col 5 |oWR 4

Fig.5. Fulfilling the check of conditions (15) and (16)

Consider an example of applying the projected program function. May there be the continuous game on
the unit square [0; 1]x[0; 1] with the kernel, imaged on the figure 6.

02 o2
0 o

Fig.6. Example of a kernel

And may here the first player, having the mixed strategy popt( x) as an example of the optimal one

(though it is almost certainly nonoptimal, as it is seen from the figure 7; but the first player will use it
nevertheless just as an element of its set of all the mixed strategies), applies the method of practicing the optimal
mixed strategy under the program function “opr cag”.
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In the example the first input for “opr_cag” is the vector of the 101 elements (primarily sampled mixed
strategy), and the second is the 101x 101 -size matrix (the sampled kernel). The requirements to the smoothness
or inconstancy are left minimal, that is @ =b = 0.1 (figure 8, the line to run). For those initial conditions the
five launches of “opr_cag” are displayed on the figures 9 — 13.

Poge (¥)
104 —

102 —

098
0.98
0.4

0.9z

| | | 1
o1 02 0.3 04 05 [N} 07 og 08 10X

Fig.7. Example of an optimal strategy

09 ! ! ! ! ! !
i

=
Fle Edt Debug Deskiop Window Help

D) w ‘ BB o o« | WS | 7 | Current Directory: | E:wATLABTa0p vork LlJ

»» [Pure Strategy Sewple Mumber Pure Strategy Sewple] = opr cag(p opt, W, 0.1, 0.1, 1, 1)

4 start| 4

Fig.8. Launching “opr cag”

N

File Edit Debug Deskiop Window Help

[} E"-| b BB o | -} ﬁ" ? ‘ Current Directory: | EMATLABTROp Wwork jJ
»>» [Pure_Strategy Sewple Mumber Pure Strategy Sewple] = opr_cag(p opt, W, 0.1, 0.1, 1, 1) =
The sampled function f opt is & probability measure, that is it may be & mixed strategy in the given continuous antagonistic game on the square [0; 1]-by

The unit segwent [0; 1] has been broken into 100 half-segwents of the egual measure, that is 0.01
Actually, these half-segwents are the points of the given I_opr.
Number of the Sempled Pure Strategy to he selected: 18
Pure Strategy to he selected: z=0.17
Pure_dtrategy_Sample Number =
13
Pure_Strategy Sample =

0.1700 =
1| | D

4 stant| |
Fig.9. Results after launched “opr cag” with the 18-th sampled pure strategy to be selected

i

File Edit Debug Deskiop Window Help
n} E'*-| d BB v o | a1 ﬁ‘ ] ‘ Current Directory: | £ TLABTobpt wrark jJ

>> [Pure_Strategy Sample Number Pure Strategy Semple] = opr_caglp opt, W, 0.1, 0.1, 1, 1)
The sawpled function f_opt is a probebility measure, that is it may be a mixed Strategy in the given continuous antagonistic game on the sguare [0; 1]-bg
The unit segwent [0; 1] has been broken into 100 half-seguwents of the egqual measure, that is 0.01
Aetually, these half-segwents are the points of the given f_opr.

Mumber of the Ssmpled Pure Strategy to be selected: 40
Pure Strategy to he selected: z=0.39
Pure_dtrategy_Sample_Number =
40
Pure_Strategy_Sample =

J__ | _»|d
4 start| |
Fig.10. Results after launched “opr_cag” with the 40-th sampled pure strategy to be selected
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)i MATLAB _lolxi
File Edit Debug Deskiop Window Help

[} E"-| b BB o o | -} ﬁ" ? ‘ Current Directory: | EMATLABTROp Wwork jJ

»>» [Pure_Strategy Sewple Mumber Pure Strategy Sewple] = opr_cag(p opt, W, 0.1, 0.1, 1, 1) ﬂ

The sampled function f opt is & probability measure, that is it may be & mixed strategy in the given continuous antagonistic game on the square [0; 1]-bg
The unit segwent [0; 1] has been broken into 100 half-segwents of the egual measure, that is 0.01
Actually, these half-segwents are the points of the given I_opr.
Mumber of the Sempled Pure Strategy to he selected: 94 J
Pure Strategy to he selected: z=0.93

Pure_dtrategy_Sample_Number =
94

Pure_Strategy_Sample =

0.9300 =
4| I |

4 star| |
Fig.11. Results after launched “opr cag” with the 94-th sampled pure strategy to be selected

1Bl

Fle Edt Debug Deskiop Window Help

D@ | & BB o o |8 | P cunetbredory [Ewaianrmmtvok =

»> [Pure_Strategy Sample Number Pure Strategy Sawple] = opr_cag{p_opt, W, 0.1, 0.1, 1, 1) =l

The szwpled funcrion f_opt is a probabilicy weasure, that is it may be & wixed strategy in the given continuous antagonistic game on the sgquare [0; 1]-by
The unit segment [0; 1] has heen broken into 100 half-segments of the egual measure, that iz 0.01
Lctually, these half-segments are the points of the given f_opt.
MNurber of the Jawpled Pure Strategy to he selected: 92
Pure Strategy to he selected: 2=0.91

Pure_Strategy_Sample Number =
92

Pure_dtrategy_Sample =

0.9100 -
4 | »

I

& stan | A
. “ bkl T
Fig.12. Results after launched “opr_cag” with the 92-nd sampled pure strategy to be selected
=0l
Fle Edit Debug Deskiop Window Help
| ﬁ’v| b BER o o | - ﬁ‘ ¥ ‘ Current Directory: | EMMATLABTpip1 tvork LlJ
>» [Pure_Strategy_Semwple Mumber Pure_Strategy_Sample] = opr_cag(p_opt, W, 0.1, 0.1, 1, 1) ;I
The seswpled function f opt is a probability weasurs, that is it may be & mixed strategy in the given continucus antagonistic game on the sguare [0; 1]-bg
The unit segment [0:; 1] has been broken into 100 half-segwents of the equal measure, that is 0.01
Actually, these half-segments are the points of the given f_opt.
Munber of the Sawpled Pure Strategy to be selected: 41
Pure Strategy to be selected: z=0.1%
Fure Strategy Sample Number =
41
Pure_Strategy Sample =
0.4000
> -
| | »
4 start | 4

Fig.13. Results after launched “opr_cag” with the 41-st sampled pure strategy to be selected

CONCLUSION ON THE PROJECTED PROGRAM FUNCTION AND AN OUTLOOK FOR THE
FURTHER PROJECTS

The projected program function, having implemented the method of practicing the optimal mixed
strategy with innumerable spectrum in the MATLAB environment, may be applied only when the number of the
game plays is unknown, or when it is unknown when the game stops. Speaking generally, there may be not only
the optimal mixed strategy, but any of the mixed strategies of the player, though there are some troubles to check

numerically the optimality of the strategy fopt (Z) by the given kernel W(x, y), and so this check was not
inserted into the code for now. Having the installed MATLAB, a player define all the needful arguments for the
function “opr cag” and selects one of its pure strategies from the segment [0; 1] due to the returned pure

strategy number and its value into the workspace. It is important to mark, that instead of the pure strategies set
(13) and probabilities (14) a player may apply the sets

{Zk}][jzl = {{Zk}][j;ll ’ 1} :{ZU Zyyeves Zg s Zx_ 1 1} (17)

K K-1

R AR



METOJI TA CUCTEMI OITHKO-EJIEKTPOHHOT I 1HOPOBOT OBPOBKU 305PAMKEHD TA CHTHATIB

={fon (2) s fopi (22) s s S (Zia Vs oy (2k2) s S (1)) (18)

correspondingly. If to turn at the case, when the number of the future game plays is certainly known, then the
base method of practicing the mixed strategy [1] fits only partially, as there each player will attempt to develop
own tactics of the pure strategies selection [5 — 8] for ensuring the most great own payoff. Consequently, an
outlook for the further math software projects is for adapting the developed program function “opr cag” for to
use it in the antagonistic game with the preliminarily known number of the future plays [9 — 16].
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