METOJIM TA CHCTEMH OITHKO-EIEKTPOHHOT I IIH®POBOT OBPOBKN 30BPAFKEHD TA CHTHANIB

UDC 543.318.3+515.124

V. V. ROMANUKE

ON OPTIMIZING WLF EQUATION OVER EXPERIMENTAL
VISCOSITY MEASUREMENTS BY FINITE SET OF FIXED
TEMPERATURES WITH RUNNING L METRIC

Khmelnytskyy National University
Instytutska street, 11, Khmelnytskyy, Ukraine

Abstract. There has been suggested a criterion of selecting the most appropriate WLF equation within the
finite set of such equations, which are obtained by the finite number of viscosity measurements. The
suggested criterion is based on minimizing the space distance with te (TI; TN] between a WLF

equation and the (N —1)-linked pattern polyline, linking N viscosity measurement points. Also there has

been developed and represented the MATLAB function for computing and saving all the direct and oblique
parameters of the determined optimal WLF equation.

AHoTanist. 3amponoHOBAaHO KpuUTepiil BHOOpPY HalOimbil anekBaTtHOro BJIM-piBHSHHA y CKiHYCHHIH
MHOXHHI TakMX piBHAHb, SIKI OTPUMYIOTBCS CKIHUYEHHOIO KUIBKICTIO BHMIPIOBaHb B’SI3KOCTI.
3anpornoHoBaHMi KpUTEPii 3acCHOBaHMI Ha MiHIMi3alii BigcTaHi y mpocropi 31 e(Tl; TN] Mix

BJI®-piBHAHHEAM Ta (N —1) -IaHKOBOIO JaMaHOI0-3pa3KoM, IIo 3’emHye N TOYOK BUMIpPIB B’SI3KOCTI.

Taxox pospobaeno i npeactaBieno MATLAB-dyHkmio it o04YHCIEHHS Ta 30epeXCHHS NPAMUX Ta
HETIPSIMUX N1apaMeTpiB BU3HAUCHOTO ONTHManbHOro BJID-piBHHHS.

AnnoTtanus. IIpemmoxeHo xpurepuii BbIOopa Hambonmee momxopsmero BJI®D-ypaBHeHHS B KOHEYHOM
MHOXKECTBE TAKUX YPAaBHEHHH, KOTOpBHIC IOTY4aIOTCS HMPH KOHEYHOM KOJMYECTBE U3MEPEHUH BSI3KOCTH.
IpemnoxeHHbI KpUTEpUH OCHOBAaH HAa MHHUMU3AIUH DPACCTOSIHHS B IIPOCTPAHCTBE c

re(T,;TN] Mexay BJI®-ypaBHeHHEM H (N—l) -3BEHBEBO JIOMaHOK-00pa3om, coeauusomei N

TOYEK M3MepeHui Bs3KkocTH. Taxke pa3spaborano u npencrasieHo MATLAB-(yHKnuio 11t BBIYUCICHUS U
COXpaHEHHUsI IPSIMBIX U KOCBEHHBIX apaMeTPOB ONPeeNEHHOro onTuMansHoro BJID-ypaBaenHus.
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INTRODUCTION TO PROBLEM OF EVALUATING THE POLYMER MATERIALS VISCOSITY
TEMPERATURE DEPENDENCE

Polymer waste recycling to prevent or reduce environmental pollution is a high importance problem of
now days. By recycling the molten polymer wastes it is significant to know the temperature dependence of its
viscosity [1 — 4], as this fixes the regime of polymer processing and some requirements to control-measuring
apparatus [5 — 8]. Moreover, the molten polymer viscosity temperature dependence essentially influences on
technological and viscous-sticky properties, which are conditioned by nature characteristics and polymer
composition [2, 4, 8 — 13]. The Williams — Landel — Ferry equation (WLF equation) is an unsophisticated and at
the same time is exact enough formula for temperature dependence of polymer materials viscosity 1 [7, 14].

Actually, WLF equation is valid within the temperature segment I:Tg;Tg +100] by the glass transition

temperature T in Kelvin degrees [15], determined for the fixed polymer system [7]. Commonly, WLF equation is

g
cl(Tng)

N(T)=n,-1077" (1)

for T E[Tg; T, +100:| with the viscosity T, measured by the temperature T, . where C, and C, are

g°
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constants. To speak generally, those constants are functions of Tg . Obviously, that for obtaining them it is
sufficient to carry out the two viscosity measurements by the known Tg and M g what will give the system of
two equations (1) with respect to the unknown C1 and Cz. However, even if the glass transition temperature is

fixed and learned, it is very uneasy or just impossible to measure the polymer viscosity at Tg [7, 16, 17].

Besides, this temperature may vary even for the same type of polymer waste material, depending on its
vitrification speed and other operation factors. That is why generally there is need to carry out N polymer
viscosity measurements

C(T-T,) N
N CoaTT.
{ni}i’\; = {ﬂ(ﬂ)}H =My 105 ,
i=l
T, (T T,+100) Vi=L N, T,<T, Vi=1 N-I, 2)

taking N =4 for obtaining the constants C, and C, with also unknown Tg and 1. But as WLF equation

(1) is still just an approximately rough model of real existing and unknown temperature dependence 1) (T ) , then
for its as detailed as possible learning there is need to carry out more than four measurements. And those N
measurements will give possibility to obtain L groups
N — 4)!- 4!
k-1

ho1) 3
{{{cl (T T T 1) G (T T T T ) T (T T T T ) (T T Tl T, )}:4} 3} 3)
i

k=2 1=1

|
of the constants C, and C, with T, and n, what will allow to have (N—) different WLF equations
N —4)-4!

S

{{{ﬂmm (T)} ::4 }Ti} B

k=2 I=1

h-1) 17!
Cy(Tos T3 T T[T =T (T T3 Teo T |

(T Ty T, T )T =T (T, T3 T, T )

=4134Mg (To- Tj T. T, )10

h=4 | .
1=3 )y =
k=2 )

of the type (1). The stated problem core is how to select the most appropriate WLF equation

Co (T Ty Tees Toe ) T=Tg (T Ty Tees T )]
CoThe s Tees Ty 4T =Ty (T T, Tye Tie)
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N!

from that m WLF equations multiplicity, orienting to the (N —1) -linked polyline 1M, (T ), that in

order links the points [Ti T]i] and [T

i+1

1’]i+1] V i=1, N —1 from measurements (2).

ANALYSIS OF RESEARCHES ON TEMPERATURE DEPENDENCE
OF POLYMER MATERIALS VISCOSITY

Viscosity is a measure of the resistance of a polymer system, which is being deformed by either shear
stress or tensional stress [1, 5, 7, 16]. Polymer viscosity describes its internal resistance to flow and may be
thought of as a measure of molten polymer friction. The temperature dependence of polymer materials viscosity
is the phenomenon by which polymer viscosity tends to decrease (as it usually happens) when the surrounding
temperature increases [18]. Such dependence is contemporarily expressed by one of the several existing models,
where WLF equation is usually used for polymer melts or other fluids that have a glass transition temperature [7,

18]. Investigation of the polymer viscosity temperature dependence n(T ) is very smart to learn the mechanism

of its flow and to comprehend the macromolecular behavior by deformations. Polymer viscosity temperature
dependence influences strongly on the regime of the polymer recycling process, defining the quality and certain
properties of the recycled polymer ware. There are many investigators of polymer viscosity temperature
dependence in WLF equation form, where, except M. L. Williams, R. F. Landel, J. D. Ferry, it ought to be
underlined G. S. Fulcher, G. Tammann, W. Hesse, A. Kovacs, G. Gee, S. Ishihara, A. A. Miller, M. H. Cohen,
D. Turnbull, F. Bueche, P. B. Macedo, T. A. Litovitz, R. B. Boyer, R. N. Haward, H. Breuer, G. Rehage, A. V.
Tobolskiy, R. Simha, S. Krause, G. V. Vinogradov, A. Y. Malkin. The WLF equation (1) is connected with
unconfined space conception [7, 14, 18] and it was grounded under that, though (1) is rather not the ideal model

for polymer viscosity temperature dependence when the temperature is out of the segment [Tg; Tg + 100].

Being not restricted in measuring the viscosity within the interval (Tg; Ty + 100) for only four times, there is
N!

the unsolved question of how to select the optimal WLF equation from WLF equations (4),

N
obtained after having measured the viscosity for N times by different temperatures {Ti}i:I for the better

visualization of experimental polyline data, where
PAPER PURPOSE AND ASSIGNMENTS

Suppose, that within the interval (Tg; Tg +100) we have carried out the N polymer viscosity

measurements (2), where . Then here is the purpose to select the most appropriate WLF
N! NI

——— different WLF equations (4), obtained by the corresponding ——————

(N—4)t41 (N—4)t41

groups of four parameters (3). For accomplishing this, there should be applied the minimal functional distance
criterion between each element of the set (4) and ( N — 1) -linked polyline 1M, (T ) , that in order links the points

equation (5) amongst

[Ti 1’]i] and [Ti a M +1] V i=1, N—1. This polyline may be considered as a rough pattern of the being

searched temperature dependence of the given polymer material viscosity. The greater number N the lesser

roughness is in such pattern. The appropriate functional space is with its metric, ever letting get the

value of distance between two functions, defined on the segment [Tl; Ty ] . Eventually, procedure of optimizing

the model of polymer viscosity temperature dependence in WLF equation form by the said criterion will be
developed in the mathematical environment MATLAB.

USING METRIC FOR DETERMINING THE OPTIMAL TEMPERATURE
DEPENDENCE AMONGST THE FUNCTIONS (4)
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In the distance between the polymer viscosity

temperature dependence Mhjki (T) and pattern polyline 1, (T) is the norm of their difference
Nhjkd (T ) - (T ), that is

h=4,N, j=3,h-1,k=2, j—1,1=1,k—1. ©)

The temperature function Mhiki (T) in (6) is substituted with the corresponding element from the set

(4). The pattern polyline 1o (T ) in (6) is

Mo (T) =04,y +PBi T by Te [Ti; Ti+1] Vi=1LN-1, (7

where

Ni —Min H
o =N —T—— Vi=1 N-1 8
i+1,i N; i Ti _TM (3
and
Ni —Min ;

Lo=—— Yi=1] N-1. 9
B|+1,| Ti _Ti+1 ©)

Hence, taking (4) and (7) — (9) explicitly, the distance (6) between {h, j, K, |} -dependence

Nhikd (T ) and pattern polyline 1, (T ) is

Nt Tha Cu(Ts T T T T=T (T Ty T ) ] v W

_ ) Co(Tos Ty T T )+T=Tg(To, Ty T Th) _ Ni ~Mia M ~Mia _
B ZJ‘ Mg (Th’Tj’Tk’T') 10 9 L T:_Tilu T:_Til+1 T

i=l T

(1T, T (0T T T ")
_ - (Th,Tj’Tk,TI)‘1Ocz(Th,TJ,Tk,T.)+T7Tg(Th,T;,Tk,T|) L (Bl | ¥ (Ti —T)—ﬂi dar |
i=l T Ti _Ti+l
h=4 N, j=3,h-1, k=2, j-1,1=1k-1, . (10)

Surely, that for determining the optimal temperature dependence amongst the functions (4) now it is
sufficient to find that dependence from (4), for which the distance (10) is minimal. However, the consumer of

such optimal WLF model not necessarily intends to apply it over the whole range [Tg; Tg +100] or even

[Tl; Ty ] . This means that there is some part [T T ] of the segment [Tl; Ty ] D [Tm

min’ ° max

T x| Which is

in? ' max
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going to be used anyway, and the rest part [Tl; Ty ] \ [Tmin; Tmax] of this segment is not needed or just ignored.

SWITCHING TO RUNNING METRIC FOR CONTINUAL DETERMINATION OF THE
OPTIMAL TEMPERATURE DEPENDENCE AMONGST THE FUNCTIONS (4)

If the temperature range of applying the being searched optimal WLF model of polymer viscosity
min; max

temperature dependence 1’]* (T) is narrower than [T T ], say, may it be from T =T, up to T =T, ,,

then we will be interested only in minimal functional distance between the shortened pattern polyline

Ni —Mis . Mi ~Mina ) . T A
T)=o.,;+B.., T=n-T + T by Te|T;T,| Vi=LN=2, (11
110( ) i+1,i Bm,u ni— 1 T-T., T-T, y [ | 1] (11)

and the elements of the set (4), defined on the subsegment [Tl; T,\H] c [Tl; Ty ] Therefore instead of the

distance (10) in the space it is essential to define the running distance
1
M—1 Tt T w
w w
= Z J. |nhjkl (T)-mo (T)| dT + J.|nhjkl (T)-mo(T )| dr | =
m=1 Tm TM

CuT T T T T=T (T Ty Teo ) | v

M -1 Tm+l
Co(T. T T T T Ty (T, T T Ty m ™ Nms
- ZJ' Ny (Tys Tpo T, T, )-10 ST T RO T TR Ty Mot (7 1)y | T+
— Tm _Tm+1
m= Tm
1
. C,(Th,Tj,Tk,T|)[T—Tg(Th,Tj,Tk,T,)] W w
Co(T. T T T T -Ty(Th. T, o Ty “MNus
+j Ny (T T, T T, )10 JT HM(TM “T)-n,| dT
T, M M+
by 1e[Tyi Tyu]- Me{ol ' h=4, N, j=3h-1,k=2,j-1.1=Lk-1. . (12)
Properly speaking, the distance (12) corresponds to the space that is the subspace of

. From this it follows that in the point T =T by T € [TM T +1] with M € {U}Cj the optimal
N!

WLF equation amongst the ' different WLF equations (4) is determined as
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W1 T C,(Th,Tj,Tk,Tl)[T—Tg(Th,TJ-,Tk,T,)]

= min ZI 1, (Th,Tj,Tk,TI).locz(Th,T,-,Tk,T.)+T-Tg(Th,T,-,TkaT|) +%(Tm -T)-mn,| dT +
m m+1

h=4.N || ™ T,

CuTos T3 T T T=T (T, T3 T )|
C (T Tj Tieo T #T =Ty Ty, Ty T ) +

T

+I Mg (T T2 Tex Ty )10

TM
1
I YTl VIS (Ty =T)—my| dT Vte(T; Ty (13)
T =Twa

Certainly, that in the point T = TN the distance (12) coincides with (10).

FINDING PARAMETERS (3) WITH MATLAB SOLVER OF SYSTEMS OF NONLINEAR
EQUATIONS OF SEVERAL VARIABLES
For finding the optimal WLF dependence 1’]* (T) that may consist of different WLF equations, it is

preferable to use the technical computing environment MATLAB. Firstly there should be solved each of the
N!

systems of the four nonlinear equations

¢ (T-T,)

X

M, -Ng 1097 =0, refh j,k 1}, h=4N, j=3,h-1,k=2, j-1,1=1 k-1, (14)

with respect to the four unknown parameters

CT T T T). G (T T3 T 1) Ty (T T Tea Ty ) and (T, T3 T T ).

where the S -th system is solved by the fixed h € {4, N } , je {3, h —1} , ke {2, J —1} and | € {1, k —1} ,

N
(N —4)!4!

systems of nonlinear equations of several variables, whose help screenshot is on
figures 1 — 8.

Hereinafter there will be an example with N =5 viscosity measurements, so on figure 9 the
corresponding MATLAB solver of the system (14) for finding the five groups of parameters (3) is screenshot.
Note, that this solver routine may be run by one of the three ways: from the MATLAB Command Window line,
typing “wlf eval”; from within any script or MATLAB function, launching them; just pressing F5 key when the
“wlf eval” code window is active. This code uses beforehand saved mat-file “viscosity01”, containing the
measurements (2). Also there is used the subfunction “four wlf eq”, which role is clear from the screenshot on
figure 6.

s=1, . The system (14) may be numerically solved, using the remarkable MATLAB solver of



METOJIM TA CHCTEMH OITHKO-EIEKTPOHHOT I IIH®POBOT OBPOBKN 30BPAFKEHD TA CHTHANIB

;- MATLAB

Fils  Edit

=10l

Debug Desktop Window  Help

) MATLAB

Edt Dehug Desktop Window Help

g =

0 D’“l b BB o o ‘ LW ‘ 4 ‘ [ wnaTLaB7popt worias Theory DoctoraiDiss and support

(= ‘ k3 B o o |u =g ‘ ? ||E'MATLABT;JEI;J1\WDrk\AG Theary DocloralDiss and Support

=[]

>

1|

@

To get started, select MATLAE Help or Demos from the Help menu.

> help faolve
FS0LVE solves systems of nonlinear equations of several variables.

FSOLVE attempts to solve equations of the form:
FiZ)=0

where F and % may be vectors or matrices.

E=FSOLVE (FUN, X0)
equations in FUN.

starts at the
FUN accepts
equation values T evaluated at X.

watrix X0 and tries to solve the

input ¥ and returns a veeror (watrix) of

Z=FSOLVE (FUN, X0, OPTICNS) minimizes with the default optimization

paremeters replaced by values in the strusture OPTIONS, an argument
created with the GPTIMSET function. See OPTIMSET for decails. Used
options are Display, TelZ, Telfun, DerivativeCheck,
FunValCheck, Jacchbian, JacchMult,
NonlEgqnilgorithm, MaxFunEvals, MaxIter, OutpucFen, DiffHincChange and
DiffMaxChange, LargeScale, MaxPCGIter, PrecondBandWidth, TolPCG,

TypicalX. Use the Jaccbian option to specify that FUN also returns a

Diagnostics,

JacobPattern, LineSearchTyps,

Lo

second output argument J that is the Jacobian matrix at the point X.
If FUN returns = vector F of m components vwhen X has length n, then J
15 an m-by-n marrix where J(i,3) 13 the partial derivative of F (i)
with respect to x{j). (Note that the Jacchian J is the transpose of the
gradient of F.)

[%,FVAL] =FSOLVE (FUN, X0, ...) returns the value of the squations FUN at X.
[%,FVAL, EXITFLAG] =FSOLVE (FUN, XD, ...}
exit condition of FSOLVE.

returns an EXITFLAG that describes the
Possible walues of EXITFLAG and the corresponding
exit conditions are

FSOLVE converged to a solution X.
Change in X smaller than the specified tolerance.

Change in the residual swaller than the specified tolerance.

1
2
3
4 Magnitude of search direction smaller than the specified tolerance.
0 Maximum nuwdber of function evaluations or iterations reached,

1

Algorithm terminated by the output function.

-2 Mlgorithm seems to be converging to a point that is not a root.
-3 Trust region radius became too small.
-4 Line search cannot sufficiently decrease the residual along the current

search direction.

4

4 start

4 start

A 4
Fig. 1. Help on MATLAB solver of systems of nonlinear equations of several variables
(taken from MATLAB Command Window)
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[¥, FVAL, EXITFLLG, OUTPUT] =FSOLVE [FUN, X0, . ..}
with the number of iterations teken in OUTPUT.iterations,
function evaluations in OUTPUT.funcCount,
the number of CG iterations
optimality (if used)
CUTPUT. message .

returns a structure OUTPUT
the muber of
the algorithm used in GUTPUT.algorithm,
(if used) in OUTPUT.cuiterations,
in OUTPUT.firstorderopt, =nd the exit message in

=l

the first-order

[¥, FYAL, EXTTFLAG, OUTPUT, JACOB] =FSOLVE (FUN, X0, . . .}
Jacobian of FUN at X.

recurns the

Examples
FUN can be specified using 0:
fs0lve (Bryfun, [2 3 4] ,optimset (' Display’

x = ELT N

where MYFUN is a MATLAE function such as:

function F = myfun(x)

F = =sinix);
FUN can alss be an anonymous function:

x = fsolve(B(x) sin{3¥x),[1 4],optimsec('Displag','off')]

P

If FUN i3 parameterized, FoU cah USE anonymMous TUNCLionS to Capture the
problem-dependent parameters. Suppose you vant to solve the system of
nonlinear equations given in the function BYFUN, which is parameterized

by its second argument L. Here HYFUN is an MH-file function such as

function F = myfunix,a)
Fo= [ 2vx(1] - x(2) - explatx(1))
-xi1) + 27x(2) - explatxiz))]:
To solve the system of equations for a specific value of i, first assign the
value to L. Then create a one-argument anonymous function that captures
that value of A and calls NYFUN with tve argusents.
function to FSOLVE:

Finally, pass this anonymous

= -1; % define parameter first

fsolve @ (x} myfunix,a), [-5:-5])
th

See also pptimset, lsgnonlin, inline.

Reference page in Help browser
doc fsolve

4

4\ start

A

4 start

Fig. 2. End of help on MATLAB solver of systems of nonlinear equations of several variables
(taken from MATLAB Command Window)
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Fig. 3. First part of help on MATLAB solver of systems of nonlinear equations of several variables
(taken from MATLAB Help Window)

Fig. 4. Second part of help on MATLAB solver of systems of nonlinear equations of several variables
(taken from MATLAB Help Window)
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Fig. 5. Third part of help on MATLAB solver of systems of nonlinear equations of several variables
(taken from MATLAB Help Window)

Fig. 6. Fourth part of help on MATLAB solver of systems of nonlinear equations of several variables
(taken from MATLAB Help Window)
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Fig. 7. Fifth part of help on MATLAB solver of systems of nonlinear equations of several variables
(taken from MATLAB Help Window)

Fig. 8. Sixth part of help on MATLAB solver of systems of nonlinear equations of several variables
(taken from MATLAB Help Window)

\MATLAB7p0p1\work’,AG Theory DoctoralDiss and Supporti\wif_eval.m o ] B3
Fle Edit Text Cel Tools Debug Deskiop Window Help ~
D H| s @B |5 67| 8B AR BA| swfe =
1 function [x_star] = wlf_eval
2 - for k4=4:5 % Note, that here N = §
g|= for k3=3:k4-1
4 - for kz=2:ki-1
5(= for ki=il:ki-1
&= save wlf_4poincs_k ki k2 k3 ki
7= x0 = [-§:; 100; 10000; 360]: % Make a starting guess at the solution
&= options = optimset('MexFunEvals', 9000, 'HaxIter', 2500): % Option to display owtput
9 - [k1 k2 k3 k4]
10 - [x_star, fval] = fsolve (Bfour wlf_eg, x0, options) £ Call optimizer
ilil|= eval(['Cl=' mmZstr(x_staril]) ''1]
i3 |= eval(['C2=' mmZstr(x_stariz)) ''1]
ig|= eval(['eta_g=' numZstr(x_star(3)) ''1)
148 - eval(['Ty=' mmZstr(x_starit)) ''1]
15 — eval (['save wlf 4points ' num2str (k1) numstr(k2) numZstr(k3) num2strikd) ' C1 C2 eta g Tg'l) % saving solution of equation (14)
16 — end
i7|= end
18 - end
19 - end
z0
21 function F = four wlf eg(x)
22 - load viscosityOl t load the experimental viscosity (five) measurements
23 - cemperature = temperature + 273.15;
24 - load wlf_4points k
25 - F = [viseosity(kl) - x(3)*10" (x(1] * (temperature(kl) - x(4)]/{x(2) + temperature (k1] - x(2))):
z6 viseosity|kz) - x(3)*10° (x(1] * (temperature (k2] - x(4))/(x(2) + temperature (k2] - x(4))):
27 viscosity (k3] - x(3) %10 (x{1) * (temperature (ki) - x{4])/ix(2) + temperature(k3) - x(4)));
28 viscosity(kd) - x(3) #10° (x (1] * (cemperature (k4] - x(2))/(x(2) + vemperacure (k4] - x(41)1]1;
4 I |
[t _eval th1 1 |ovR

Fig. 9. The system (14) solver code for N =5

Also may it be noted, that a starting guess at the solution, typed in the line 7 of “wif eval”, has been
based on the generalized notion of that C1 <0 and C2 > 0, and the glass transition temperature of the polymer

33
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NI

material to be submitted is about 60 — 90 Celsius degrees [7, 19, 20]. And when the ' systems (14)

are solved, parameters

C'=C\(Ty. Tis T T0). o =Cy (Tos Tpeo Teea T ). Ty =Ty (T, T T, Ty

Mg =g (Toes Ty T T )

of the function 1’]’k (T) in (5) should be considered as the most appropriate for the given polymer material
viscosity measurements; besides, the temperatures Th* , Tj* , Tk* and T|* should be regarded as the basic points

for measuring the given polymer class viscosity within the segment [Tl; TN] . After having run and
N!

accomplished the code of “wlf eval”, there are saved mat-files with the found numerically

unknown parameters in (3).
DETERMINING THE OPTIMAL WLF EQUATION BY (13) IN MATLAB

For computing (13), where integrals will be taken numerically also, there is the developed MATLAB
function “opt wlf2”, been screenshot into figures 10 and 11. This function accepts those mat-files, saved in the
line 15 of the system (14) solver code, and processes each of them.

Fig. 10. MATLAB function “opt wlf2” code (first part) for completing the optimal WLF equation determination
by (13)
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‘B E:\MATLAB7pOp1'\work\AG Theory DoctoralDiss and Support'opt_wif2.m
Fle Edt Text Cel Tools Debug Desktop ‘Window Help

=12l

DSl B o587

B8 BBE BB |l o

Zil[= for 1=1tk-1 1=

2z - eval (['load wlf 4points_' mumZstr(l) numZzstr (k) num2scr () num2scr (h])

25 - w=ou o+ 1

24 - T_ecurrent_nuwber = 0; [k 3 k 1]

wi[= for T_eurrent=Temperature_Set(1) :T_cur_ine:Temperature_Set (length(Temperature_Set) )

26 - T_current_mmper = T_current_number + 1;

27 - © = 1; distance_cont_w = 0;

28 - vhile © < length(Temperature Set)

28 - eval (['bets=heta’ numZstric+l) numEstric) ;']

30 - eval(['alpha=alpha' numZstr(c+l) numZstric) ';'1)

Fal [= if T current »>= Temperature Set (c+l)

z3(= eta_wlf = eta_g*10.” (C1%([Temperature_Set (c):0.0001: Temperature_Set (c+1) - 0.0001]-Ta) ./

33 (Cz+[Temperature_Set(c) :0.0001: Temperature_Set (c+1) - 0.00011-Tg)):

34 - line = beta®[Temperature_Set (c):0.0001: Temperature_$et (c+1) - 0.0001] + alpha;

(= else

36 - eta_wlf = eta_g*10.* (C1% ([Temperature_Set () :0.0001:T_current - 0.0001]-Tg) ./

37 (C2+[Temperature_Set (c) :0.0001:T_current - 0.0001]-Tg)):

38 - line = betas[Temperature_Ser (o) :0.0001:T_current - 0.0001] + alpha;

33 - end

40 - distance_cont_wic) = sum((eca_wlf - line).”w)*0.0001;

41 - c=c+ 1

4z - end

43 - distance_cont_wlf(u, 1] = (sws(distance cont w))"(1/w); distance cont_wlf(u, 2:5) = [h 3 k 1];

44 - distance cont_wlf(u, T current nucber+5) = (sun(distance_cont_w) " (1/w);

45 - eval ([ distance' num2str(h) numdstr{i) numZscr(k) numzstr(l) '=distance cont_wlf(u, 1):'11:

46 - end

47 - end

48 - end

45 - end

50 - end

51 - Lower_Envelope = zeros(l, lengthidistance cont_wlf) - 6);

52z - eta_opt = zeros(l, lengthidistance cont_wlf) - 6);

53 - for T currest number=1:length(distance cont_wlf) - 6

54 - h_star_j_star_k star_l star(T_current_nwher, ] = ...

55 distance_cont_wlf (find{distance cont_wlf(:, T current muber + 6 == min{distance cont wlf(:, T current nuber + 611}, 2:5):

56 - Tewperature current [T_current_number) = Temperature Set(1) + (T_current_nwdber) *T_cur_inc;

57(= evali['load wlf 4points ' nuwmZstr (h_star_j_star_k star_l star(T_current_nuwmber, %)) nwnZstrih_star_3j_star_k star_l stac (T current_nwdber, 31)...

55 mumZstr (h_star_j_star_k star_l_star{T_current_number, 2)) numistr({h star_j_star_k star_l_star [T_current_number, 1)11)

55 - C1_star |T_current_number)=Cl; C2_star(T_current_number|=CZ; Tg_star (T_current_number)=Tg; eta_g_star |T_current_number)=eta_g:

60 - Temperature_star (T_current_number, 1:4) = [Temperature 3et(h _star_j_star_k star_l_star (T_current_nwrber, 4))

61 Temperature_3et(h_star_j_star_k star_l_star (T_current_nwrber, 3})

62 Temperature_Set (h_star_j_star_k_star_l_star (T_current_nueser, z))

63 Temperature_Set (h_star_j_star_k_star_l_star [T_current_nuwber, 1)]]:

64 - Lower_Envelope(T_current_nuwber) = wmin(distence cont_ulf(:, T_current_suxber + 6));

65 - eta_opt (T_current_number) = eta_g_star (T_current_number) *10.° (C1_star [T_current_number) ®. ..

66 (Temperature_current (T_current_nuwber)-Tg_star (T_current_nuwber)) ./

67 (CZ_star [T_current_number) +Temperature_current (T_current_nwber)-Tg_star (T_current muber)|):

68 - end

69 - save vlf Spoints_distance cont wlf C1_star C2_star Tg_star eta g_star Tempsraturs star h star_j_star_k star_l star Temperaturs_current distance_cont wlz]

<« 3

[ opt_wirz n 15 oo 1 [ovR

Fig. 11. MATLAB function “opt wlf2” code (second part)
for completing the optimal WLF equation determination by (13)

There is MATLAB subfunction “line2points” inside “opt wlf2”, which is applied for obtaining the line

(7) constants (8) and (9). This subfunction code is in figure 12.

=il
File Edir Text Cel Tools Debug Desktop Window Help Y
NEHE| iR o |(S|@r| 8080 RE Q8| b ~
1 function [beta alpha] = lineZpoints (x1, yl, %2, yZ, eguation_display)
z % It returns the coefficients of the line, passing through the two points [x1 vl1] and [x2 ¥2].
3 % Also it returns the eguation of the line if needed and been checked in the input.
4 -  if nargin == 4
5 - equation display = 0;
6 = end
- 1f x1 == x2
8 - beca = []; alpha = [];
9 - if equation_display ~= 0O
10 - disp ([’ The eguation of the line, passing through the two points [' numZstr(x1) ' ' numZscriyl) '] and [' numZscrix2) ' ' numZstr(y2) '], is'
11 - disp ([' ® = ' numZstr(x1)])
1z - end
13 - recurn
149 - end
15 = beta = (vl - ¥2)/(xl — x2);:
16 = alpha = y1 - x1%(yl - &)/ (x1 - xZ);
17 - if equarion_display ~= O
18 - dispi([' The equation of the line, passing through the two points [ num@str(x1l) ' ' num2str(yl) '] and [' num2str(x2) ' ' num2striy2) '], is'])
19 -
20 - ¥ = ' numZstr (alpha)])
21 -
22 - if alpha < 0O
23 - disp ([’ ¥ = ' num2str (beta) ' x - ' num2str(absialphaj)])
249 - else
25 - if alpha == O
26 - disp ([’ 7 = ' nuwzscr(beta) ' x']1)
7 - else
28 - disp ([’ ¥ = ' nuwnZstribeta) ' x + ' nun2str (alpha)])
29 - end
30 - end
31 - end
iz - end

|

[ine2pairts

[t

Cal

Jovr’ 4

Fig. 12. MATLAB subfunction “line2points” code for obtaining the constants (8) and (9) of the line (7)

The return from “opt wlf2” into MATLAB Workspace is parameters C1* , C; , Tg* , n; , temperatures
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T, TJ-*, Tees Tpe, numbers h*, %, K*, | *, the digitized temperature halfinterval (Tl; Ty ], the family of

functions
Ve (T Ty] (15)

and their lower envelope, determining 1’]*(’5 ) by (13); ultimately, the optimal WLF dependence 1’]* (T) is

returned in digitized form, though it may be reconstructed continuously with already known parameters C1 ,

C;, Tg* and n; . Totally, those returns are saved into a mat-file (line 69 on figure 11).

CONSIDERING AN EXAMPLE WITH MEASUREMENTS
ON THE POLYETHYLENE TEREPHTHALATE RECYCLABILITY SAMPLE

There were carried out the five viscosity measurements
(i}, =1{133.8,69.9,37.5,21.3,12.9} (16)
of the polyethylene terephthalate (Dacron) [19, 20] by the temperatures
(T}, =1403.05, 412.15, 422.15, 432.05, 442.05} (17)

with the Brookfield viscometer CAP2000+ (figure 13). As it is known, the polyethylene terephthalate is a
product of polycondensation of terephthalic acid

(OH)-(CO)-C¢H,—(CO)—(OH)
and monoethyleneglycol [20]
(OH)-C,H, —(OH)
giving the linear macromolecule
[ -0-(CH, ), -0-(CO)-CH, -(CO)-]---

of polyethylene terephthalate. Its glass transition temperature lies between 67 and 81 Celsius degrees, where
accordingly the amorphous polyethylene terephthalate has Tg ~340.15 K, and crystalline polyethylene

terephthalate has T, ~354.15 K. Then, theoretically, temperatures {Ti}i4=1 from (17) belong to the segment

[Tg; Tg +100] by T, € [340.15; 354.15]. Moreover, if, before processing to recycle, the being recycled

polymer has been crumbled up as it actually comes, the glass transition temperature of such deformed polymer
becomes lower [15]. Nevertheless, the stated above polyethylene terephthalate glass transition temperatures are
just averaged evaluations, which may vary broadly, depending on the being recycled polymer stage of
deformation [20, 21]. Hence the temperature set (17) here may be considered as the practical example for

demonstrating the developed MATLAB software in building the optimal WLF dependence 1’]* (T ) by (13).

There on figure 14 are shown the evaluated in the line 10 (MATLAB function “wlf eval” on figure 9)
five groups (3), which were saved on the line 15 (the same figure 9). As it is seen from the figure 14 screenshots,
by the five viscosity measurements (16) here has been obtained even greater polyethylene terephthalate glass
transition temperature, than expected before running the systems (14) solver.
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Fig. 13. The applied Brookfield viscometer CAP2000+ and some its characteristics [22]
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Fig. 14. Result of having applied the MATLAB function “wlf eval”:
five groups (3) of the evaluated parameters C1 and C2 with Tg and yup in WLF equation (1);

also on screenshots there are ordinal numbers of the four used temperatures from (17)
and residual between left and right members of (1)
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b

Now it is proper phase to run MATLAB function “opt wlf2” for determining the optimal WLF equation

y (13). The screenshot of how to run correctly the MATLAB function “opt wlf2” is represented in figure 15.
matias =10l x|
File Edit Debug Deskbop ‘Window Help

D Dq| é{: E 7 | ‘ ﬁ | ? | Current Directory: IE:\MATLAB?prﬂWDrk\AG Theory DoctaralDiss ahd Support LIJ

»» load wviscositcyll il

>>» temperature = temperature + 273.15;

»» tie, [Cl_star Ci_star Ty star eta g star Tewperature _star h star j star_k star 1 star Temperature current vI
3

4 |

<Glgtart| 4
P JAT=TE]

File Edit Debug Deskbop ‘Window Help

D Bq| é{: E ) e | ‘ ﬁ | @ | Current Directory: IE:\MATLAB?prﬂWDrk\AG Theory DoctaralDiss ahd Support LIJ

ar_1 star Temperature current distance cont wlf Lower Envelope eta opt]=opt_ wlfl (Cemperature,vVisScosSity]; toc
4 |»

4 start|

2

4

Fig. 15. Launching “opt wlf2”

The screenshot of the function “opt wlf2” run result is on figure 16, whence instantly the optimized

WLF equation (1) by the criterion (13) is

+

+
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* 2

X

1—sign (T - 403.244) B 1+sign (T — 403.243)
2 4

X

MATLAB

File Edit Debug Deskiop Window Help

-sign |T - 403-243| Mg (T) +

=10[x]
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»» load wlf Spoints distance cont wlf
>» wha

Tour varisbles are:

>» eta_opt

eta_opt =
Columns 1 through 15
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Columns 16 through 30

@
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@
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Fig. 16. The optimized WLF equation (1) and its parameters by the criterion (13); it took the elapsed time that is
more than 6.44 hours to have processed the data (16) and (17)
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Fig. 17. Five plots of distances (19) by the data (16) and (17) for the investigated polyethylene terephthalate
sample viscosity

within the segment [Tg*; Tg* + 100] = [363.2563; 463.2563] , involving the set (17). The optimal WLF
equation (18) has been obtained by the criterion (13) in the space and consists of all the

five WLF equations n4321(T), nSSZI(T), T]5431(T), L (T) and M3, (T), defined on the segment
[403.05; 442.05] on the plane R? . Figure 17 contains plots (five graphs) of the function family
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) (19)
and their lower envelope by W =2, containing each element of the set (19), though predominantly this
envelope has coincided with . Finally, figure 18 is the visualized optimal WLF
equation (1) as the appropriate temperature dependence of the investigated polyethylene terephthalate sample
viscosity by the data (16) and (17), where the four-linked polyline 1, (T ) is on background for comparison.

After all, the obtained optimal WLF equation (18), being not perfect for the given polymer material,
becomes more fitting as the temperature runs up to the right end of the segment [403.05; 442.05] (it may be

seen as from figure 17, as well as from figure 18, though figure 17 gives more analytical conclusion on it
because of becoming stabilized distances).
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Fig. 18. The optimal WLF equation (18) with four-linked polyline 1 (T )

for the five viscosity measurements (16) by the set of fixed temperatures (17)

CONCLUSIONS AND PERSPECTIVE FOR FURTHER WLF INVESTIGATION

The stated optimizing model of WLF equation (1), using the space running metric (12)

for continual determination of the optimal temperature dependence amongst the functions (4), allows to get the
optimal WLF equation by the criterion (13), piecing this equation continuously point after point. Theoretically,
the optimal WLF equation by the criterion (13) may be constituted from two and more elements of the set (4),
and by that the number of transitions from one WLF equation to another may be infinite. Nevertheless, the
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exampled polyethylene terephthalate material has the single WLF equation 1My, (T) in constituting T]* (T ) .

Then it is presumable, that for other similar polymer materials the composite WLF equation 1‘|* (T) will be

formed with the finite number of transitions from one WLF equation to another. Trustworthy knowing of
polymer material viscosity temperature dependence is utterly needful by recycling polymeric wastes, where there
is always the problem to melt them, heating up to some temperature, for to fix the liquid melt viscosity.

The developed and represented MATLAB functions work on the stated criterion, computing the

distances (15) and their lower envelope to determine T]* (T) Those 10 returns, appearing within MATLAB

Workspace, are saved into a mat-file (line 69 on figure 11), and may be used in further investigations with the
given polymer material.

However, there are some problems, still facing on. Firstly, if number of measurements N is too small, then
the temperature segment to survey has to be shortened, though how it should be done is unclear. Secondly, for the
given temperature segment to survey there is vagueness in the question on how many viscosity measurements an
investigator should do for a polymer within the given temperature range. These items are the subject for further
investigation of the temperature dependence of polymer materials viscosity in the WLF equation (1) form.
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